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This article analytically describes the thermal radiation effects on the flow and heat transfer charac-
teristics. The flow in a second-grade fluid is created due to an exponentially porous stretching surface.
The series solutions of velocity and temperature are developed by a homotopy analysis method. The
heat transfer results are obtained for the two cases, namely, (i) the prescribed exponential order sur-
face temperature (PEST) and (ii) the prescribed exponential order heat flux (PEHF). It is noticed that
the temperature profile in both cases decreases when radiation parameter is increased.
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1. Introduction

The last several decades have shown an increasing
amount of attention to the problem of non-Newtonian
fluids. This is infact due to their increasing use in in-
dustry. A very important type of non-Newtonian fluid
is the differential type fluid. There is a simplest sub-
class of these fluids known as second-grade fluids that
has led to a considerable interest among researchers,
seen in a vast literature presently. The constitutive
equation of second-grade fluid can describe the nor-
mal stress effects. However, such an equation does
not explain the shear thinning/shear thickening effects.
Moreover, the equations of second grade in general are
more nonlinear and of higher order than the Navier-
Stokes equations [1—3]. Extensive literature dealing
with the flows of second-grade fluids exists in various
geometries, with and without heat transfer and porous
media. However, some recent investigations [4—14]
shed light on the interesting flows of second-grade
fluids. It is worth mentioning that over the past four
decades, the flow due to a stretching surface has oc-
cupied a fundamental place in many engineering ap-
plications, such as continuous coating, rolling, and ex-
trusion in manufacturing process, the boundary layer
along a film in condensation process, and aerodynamic
extrusion of plastic sheet. Since the pioneering works
of Sakiadis [15, 16], various examined effects of the

problem are seen in the recent studies [17 —25]. In [26],
Khan and Sanjayanand studied the flow and heat trans-
fer characteristics in a second-grade fluid bounded by
an exponentially stretching surface. The energy equa-
tion in a viscous fluid is selected.

The object of the present work is to extend the anal-
ysis of [26] into three directions. Firstly, to model the
energy equation in a second-grade fluid. Secondly, to
consider a porous stretching surface. Thirdly, to de-
rive a series solution by a homotopy analysis method
(HAM) [27-40]. The paper is divided into five sec-
tions. Section 2 contains the mathematical formula-
tion, the series solution of temperature and velocity are
demonstrated in Section 3. Discussion of the graph is
presented in Section 4, whereas Section 5 includes the
main conclusions.

2. Formulation of the Problem

We consider the two-dimensional flow of a second-
grade fluid bounded by a porous stretching surface.
The moving surface has an axial velocity of exponen-
tial order in axial distance, i.e. Upexp[x/2]. The flow
and heat transfer characteristics can be described by
the following equations:

du Jdv
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where radiation effects are included, («,v) are the ve-
locity components in the (x,y) directions, p is the
fluid density, y is the kinematic viscosity, ko = —; /p
(0 < 0) is the elastic parameter in a second-grade
fluid, T is the temperature, « is the thermal diffusibil-
ity, ¢p is the specific heat at constant pressure and gy is
the radiative heat flux. Fosdick and Rajagopal [41]
have discussed the case of a second-order fluid and
found that the following relations hold:

u=>0, <0, oq+op#0.

The boundary conditions are chosen as

X
u:UW(x):erxp(i), v=-3,
T=Ty, at y=0, “4)
u=>0,

uy=0, T=T, as y— oo,

in which 7;, and 7., are the temperature of the sheet
and the ambient fluid, respectively, and the constant 3
is the suction and the injection velocity of the stretch-
ing surface when 8 > 0 and 8 < 0, respectively. Here
B = 0 represents the impermeability of the surface. By
Rosseland approximation [42] it is

40* IT*

qr:_Wa—y' )

Here o7 is the Stefan-Boltzmann constant, k* is the
absorption coefficient and the Taylor series gives

T4 =413T — 372, (6)
From (3), (5), and (6) we can write

oT  dT ( 40'*T4)82_T

Ma—’_v&_y - 3k*pcy ) 9y?
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We are interested in finding the solution of the above
equation in the following two cases:

(7
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(i) with prescribed exponential order surface tem-
perature (PEST) and

(i) with prescribed exponential order heat flux
(PEHF).

For the above two cases, the corresponding bound-
ary conditions are as follows:

VoX
T:TW:Tw—f—T()CXp(T) at y:O

(8)
for the PEST case and
oT vi+1 )

—k| — =Tiexp| —— |x at y=0

(8y)w 1 p( 2l RO
for the PEHF case,

and

T —T. as y— oo, (10)

where Ty, and 77 are wall temperatures, T.. is the tem-
perature of the ambient fluid, vy, v{, and Ty are con-
stants.

Introducing
x
u = Upexp 7
'x /
7 {fm+nf ()}, (11)
n= y”
T=T., —i—Toexp(z[) o(n) (12)
for the PEST case and
. Ti 2')/l Vix
T*&+kvufm(y>“m (13)
for the PEHF case.
The resulting problems reduce to
2f5 = ffan = fann
. 1 3 (14)
—ki {3fnfnnn = 5/ Famn = Efrzm] ;
= — s = 1 t = 0’
f Vw fn at n (15)
fT[ =0 as 71 — 9,
4R
(16)

k*
= —PrE [f%n — ?lfnn{3fnnfn —fnnnf}} ;
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0(0) =1, (7
6(e0) =0, (18)
4R
e (1 n ?) +Pr(fgn —vifyg)
v (19)
:—mEP%—éﬁmBhwhfﬁmﬁ’
en(0) = 1, (20)
8() =0. @D

In the above equations f is the dimensionless stream
function, ki = koUy /vl is the dimensionless viscoelas-
tic parameter, and vy, is the dimensionless suction and
injection parameter, Pr = y/o is the Prandtl num-

vt = (1) =t (1))

cpTo \ Up T Uy

are the respective Eckert numbers for both the cases
PEST and PEHF, and R = 46*T3 /kk* is the radiation
parameter.

3. Solution by Homotopy Analysis Method

For both PEST and PEHF cases, the initial guesses
and the linear operators L; (i = 1 —3) are [43 —45]

fom)=1-e", 6(n)=em, go(ne™", (22)
M) ="=f, M=f"—f, M=f"—f (23)

The operators satisfy the following properties:

A (f)[cre™ 4+ coe+¢3] =0, (24
Ay (f)[cae™ +c5e] =0, (25)
A3 (f) [cﬁefn —+ C7Cn] =0, (26)

—c7 are constants. From (14), (16), and (19), we can
define the following zeroth-order deformation prob-
lems:

(l—p)Al[f(ﬁ’p) fo(m)] o)
= phyH\Ni[f(n,p)],
(1- p)Azjé(j?,p) — 6o(1)] 28)
= phoHhN>[6(n, p)],
(1=p)As[g(n,p) —go(n)] =
plisH3N3[8(n, p)], 9
FO,p)=vy, f0,p)=1, f(e,p)=0, (30)
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0(0,p)=1, 6(c,p)=0, 31
gAl(Ovp):_lv g"(oovp):() (32)

In (27) to (29), i1, I, and A3 denote the non-zero aux-
iliary parameters, H;, H,, and H3 are the non-zero aux-
iliary functions, and

=2(5) o

P e ls2r2s 34f AN
o a—ﬁ‘ifa—m“(an)
(33)

N 2%6 4R 20 of
malotnp)l =5z (145 ) +pr (15 ~wiko)
_ YN KPS [P P
—"”El(a—nz) Aot H
(34)

- d d d
Rlo(n.p)] = g( +2) e (r5E - ndhe)

on?
_ pp|(PEY K P [ 0f%f  L0°f
- <<9 ) 2 Jn? { an on? 8773} '
(35)
Obviously,
f(m,0)=fo(m), f(n,1)=rn), (36)
6(n,0)=60(n), 6(n,1)=0(n), (37)
&(n,0) =go(n), &(m,1)=g(n). (38)
When p varies from 0 to 1, then £(n,p), 6(n,p),

8(n,p) vary from the initial guess fo(n), 6p(n), and
go(n), respectively. Considering that the auxiliary pa-
rameters 7, fip, and /i3 are so properly chosen that
the Taylor series of f(n,p), 6(n,p), and g(n,p) ex-
panded with respect to an embedding parameter con-
verge at p = 1. Hence, (36) to (38) become

Fo,p)=fom)+ Y, fu(n)p™, (39)
m=1

6(n,p) = (40)
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é(n.p) )+ Z gm(M)p", (41)
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The mth-order problems are satisfied by the following
equations:

M [fn(0) = K1 ()] = 1Ry, (0) (45)
A0 (1) = XmBn—1(N)] = BB, (), (46)
Aslgm(1) = Xmgm—1(N)] = B3R5, (M), 47)
fn(0) = £,(0) = £, () =0, (48)
O (0) = O (o) =0, (49)
&m(0) = gm() =0, (50)

m—

/// //// /!
—k*z |:3fm 117 fm 1k S m—1-kJk

m—1 m—1

+ Y S =2Y foo i (51)
k=0 k=0
. 4R
B =e (145
m—1
+Pr Y {fn1- 16 —vofy_ 1 16k}

k=0
m—1 k* m—1 m—
—i—EPr[Zf,Z e 2{3):fl,i - kam 1k Sk
k

- Zf;;q/l—lfk ZﬁZkak}]»

k=0 k=0
« 4R
R?n(n) = &1 (1 +?>

m—1

+Pr Y {fu1-k8k — voSy 1 18k}
k=0

m—1
+EPT[Z Im1- kfl:,__{

m—1
s kam 1 kfk}]

(52)

m—1

m—1
Z I l—kkzbfr,ri—l—kfk

(53)
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Fig. 1. fi-curves for velocity profile and temperature profile.
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Fig. 2. hi-curves for velocity profile and temperature profile.

Employing the Mathematica software, (45) to (50)
have the following solutions:

= Z fm(M) =
M+1 M m+l-n (54)
lim [Za 0—}—2 e ( Z al,‘mnnk)},
M—eo m=n—1 k=0
= Z Gm(n) =
m=0
M1 e ;. 59
im [Ten( ¥ "y )]
M—eo | =1 m=n—1 k=0 E
g(n)= Z gm(N) =
m=0
(M1 M m+l—n 1 (56)
lim Z e M Z Z F,ﬁ_nnk ,
M=o | 1= m=n—1 k=0 |
in which “mo’ . n,A’,‘n > Fn, k , are constants and can be

determined easily by adoptmg a procedure in [29].
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Fig. 4. Velocity profile f(n) with vy, = 0.2 for different val- Fig. 7. Velocity profile f; (1) with vy = —0.2 for different

ues of kj. values of k7.
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Fig. 5. Velocity profile f(n) with vy = —0.2 for different Fig. 8. Temperature profile in PEST case for different values
values of kJ. of k.
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Fig. 9. Temperature profile in PEST case for different values
of kj.
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Fig. 10. Temperature profile in PEST case for different values
of Pr.
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Fig. 11. Temperature profile in PEST case for different values
of Pr.
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Fig. 12. Temperature profile in PEST case with vy, = 0.2 for
different values of radiation parameter R.
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Fig. 13. Temperature profile in PEST case with vy, = —0.2
for different values of radiation parameter R.
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Fig. 14. Temperature profile in PEST case with vy, = 0.2 for
different values of E.
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Fig. 15. Temperature profile in PEST case with vy, = —0.2
for different values of E.
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Fig. 16. Temperature profile in PEHF case with vy, = 0.2 for
different values of .

4. Convergence and Discussion

The purpose of this section is to discuss the conver-
gence and salient features of the series solutions. Here
Figures 1 —3 are plotted to ensure the convergence; it is
found that —1.10 < iy > —0.40, —0.68 < fi; > —0.45,
and —0.70 < 13 > —0.40. Figures 4 —23 are sketched
for the variations of several interesting flow parame-
ters on velocity and temperature. The influence of k]
on f is shown in Figures 4 and 5. It is noticed that f
decreases when kj is increased. Furthermore, f; also
decreases for large value of k] (Figs. 6 and 7). How-
ever, by increasing k} the temperature profile in the
PEST case increases (Figs. 8 and 9). The tempera-
ture in the PEST case is a decreasing function of Pr
(Figs. 10 and 11). The variations of radiation parame-
ter R and Eckert number E in PEST situation are shown
in Figures 12—15. Here 0 is an increasing function

Pr-1 R=1 Vie=—0.2 vi=1, E=1

2.5

2

il
PraRay

LIRIR IR I )
e Y Y

g 2 4 6 g 10

Fig. 17. Temperature profile in PEHF case with vy, = —0.2
for different values of j.
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Fig. 18. Temperature profile in PEHF case for different val-
ues of Pr.
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Fig. 19. Temperature profile in PEHF case for different val-
ues of Pr.
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Fig. 20. Temperature profile in PEHF case for different val-
ues of radiation parameter R.
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Fig. 21. Temperature profile in PEHF case for different val-
ues of radiation parameter R.

of R and E. Figures 16—23 are for variation of tem-
perature in the PEHF cases. These figures show similar
behaviour qualitatively as in the PEST case.

5. Closing Remarks

In this study, series solutions of velocity and temper-
ature are constructed by a powerful analytic approach,
namely, the homotopy analysis method (HAM). The
problem for a porous and exponentially stretching
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Figs. 22. Temperature profile in PEHF case for different val-
ues of radiation parameter E.
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Figs. 23. Temperature profile in PEHF case for different val-
ues of radiation parameter E.

surface in PEST and PEHF cases is analyzed. The main
points of the presented analysis are summarized as fol-
lows:

e The behaviour of Pr on 6 and g is quite opposite
to that of E.

e The temperatures 0 and g are increasing functions
of R, E, and k7.

e fis a decreasing function of k7.

e The corresponding series solutions of viscous
fluid can be deduced by choosing ky = 0.
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